• , 2 3
F(x) = x + F(x + x ).
(1. 1) He con.i.ectured that its power series coefficients tn satisfy tn .... "'an-J q,n v(log n). where a,is a constant, $ -~ (1+15), and v is a positive pe~iodic function with period 10g(3-$-I).
A related problem was treated in The asymp~otic formula for (I. 2) follows from the following exact formula
H(x) = og og x _ ~ log log(x ) + W(log log x ) + 2 log r and this will still contain a periodic function like the above W. Our main result will be (4.4).
If e(x) = x 2 +x 3 , g(x) = x we get the F of (1.1), if e(x) = x r , g(x) = -log(l-x), we get the H of (1.3).(lt is not necessary that r is an integer, and that was not assumed in [I] . Only, if r is not an integer, the notion
• "coeffic ient of the power series" has to be slightly revised).
2.
Conditions on e and g. Let b be a positive real, and let e(x) be defined for o ::; x s; b, with (i) e is real-valued, continuous and strictly monotonically increasing,
, there is a constant c with 0 < c < 1 such that e(x) < cx for 0 < x < Ib, 6 is differentiable at b, with e'(b) > I, and 6( The function g will be assumed to be real-valued and continuous on the interval 0 ~ x < b, with g(O) = 0, and such that g(x)/x is bounded on 0 < x < ~b.
We shall also use on 0 ~ x < b an auxiliary function Z which has to have the following property : if h is defined by
converges for every x in 0 < x < b, and uniformly in every interval a) < x < b with 0 < at < b (note that it suffices to require uniformity in an interval e(x O ) ~ x ~ Xo with some Xo E (0, b». We quote two examples. First, if g(x) ... x for all x, then we can take
( 2.3)
It easily follows from (vi) that hex) ... O(x-b), and that guarantees the convergence of (2.2).
Secondly, if b=l, g(x) ... -log(t-x) then we can use It is easy to construct all solutions of (3.1) on 0 < x < b. We take an arbitrary Xo in that interval and prescribe L(x) arbitrarily for 6(X O The series converges rapidly since 6 (x) tends exponentially to zero, and We want the behaviour of F (x) for x~b. Let us assume we have a g function Z as described in section 2, i.e. with uniform convergence of
(x») -Z(e (x»).
3)
The existence of the limit follows from the convergence of (2.2), and we can write
By (4.2) and (2.1) we obtain
i.e. L satisfies (3.1), and has the form (3.4).
Because of the uniform convergence of (Z. (ii) Next we take a look at H(x) of (1.2). We take b=l, Sex) = xr (r is a real number > t), g(x) = -log(l-x), and Z(x) as in (2.4). By (4. 2) we have F = H. Now (4.5) gives log log x ~ -J n log r )+ En=1 Sn(log x ) ,
-1 21Tik/log r where uk = r(21Tik/log r) (log r) c and y is Euler's constant. We mention that it is easy to verify, as a check, that F'x;c) = XC + F(x;cr).
